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Abstract 
The paper describes briefly the problem of elastic-plastic shock wave propagation in solids. Such waves originate by acting of 
explosion waves or by high velocity impact of solid parts on the structure. Computational simulations are applied to the elastic 
problem of propagation of waves in composite material reinforced by fibres. The fibres are supposed to be much stiffer than the 
matrix. The wave in such material is influenced by reflexion and refraction on the interface between fibres and the matrix and by 
the interaction of then waves. The wave is strongly damped in such composites in this way. The aim of this paper is to contribute 
better understanding and modelling of waves propagation using commercial software ABAQUS.  
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1. Introduction 
In the recent years the interest about study of dynamical behavior in layered structures subjected to dynamical 
loadings [1].  Free vibrations [2] and transient dynamical analyses such as modal analyses found in the last thirty 
years the way towards practical applications in industry [3]. Analytical approaches that could give some insight into 
the behavior of structures started to be developed from the 17th century like Newton’s theory of impact or the quasi-
static impact theory, only to mention few. Although the development of analytical tools experienced a large progress 
through the years [4], they are only applicable for some basic problems. In the last decades, with the development of 
computers, numerical methods gained popularity for the solution of problems in the field of continuum mechanics. 
The finite element method (FEM), boundary element method (BEM) and the meshless methods like the Meshless 
Local Petrov - Galerkin (MLPG)  [5, 6]  are  only  few  of  the  numerical  tools  which  are  used  for  the simulation   
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Nomenclature 
σij stress tensor 
Sij stress deviator tensor  
p pressure  
δij kronecker delta 
c sound velocity 
c0 sound velocity in the material at zero pressure 
S experimentally determined parameter 
M, C, K mass, damping and stiffness matrix 
u , u , u  acceleration, velocity, displacement vector 
Fext, Fint vector of external, internal forces 
ωmax maximum natural frequency 
cw wave speed 
 
of wave propagation problems. Currently, for wave propagation modeling in composite structures at low and high 
speeds is used mainly FEM, BEM, Fast Multipole BEM,  respectively, Finite Volume Method (FVM), meshless 
formulations and recently connection of FEM and element free based formulations.  However, very effective 
methods appear to be Spectral finite element methods (SFEM) for the solution of specific problems [7, 8].For the 
analysis of dynamical problems commercial program systems LS-DYNA, AUTODYN and PAM CRASH etc. are 
used in practice. The aim of this paper is to contribute better understanding and modelling of waves propagation 
using commercial software ABAQUS.  
2. Governing equations 
We will not present here all governing equations for shock wave propagation as it would contain basic relations 
of continuum mechanics, which can the reader find in textbook of continuum mechanics [9, 10]. These equations 
are used to describe:  
 
x the kinematics of solid continuum, the equations which present relation between displacements and 
corresponding displacement gradient for finite displacements in material and spatial description, strain 
tensors for finite strain formulation, strain measures and strain rate tensors, 
x material and spatial time derivatives of deformations, velocity and velocity gradients, 
x corresponding stress measures, 
x formulation of equilibrium, 
x conservation equations (conservation of mass, momentum and energy),  
 
Thermodynamic laws give: 
x the first law – the conservation of  total energy, 
x the second law – change in entropy, 
x thermodynamic potentials – internal energy, enthalpy, Helmholtz and Gibbs free energy. 
 
Further, the constitutive equations, which have to be thermodynamically consistent, give the relation between 
stress and strain measures.  Dynamic deformation processes, especially when shock wave formation is involved, 
are usually modelled by decomposed stress tensor. The decomposition splits the stress tensor into a stress 
deviator tensor ijS  and a spherical hydrostatic pressure ijpG , as: 
 ijijij pS GV                                                      (1) 
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The usefulness of the decomposition results from the needed nonlinear character of equations of state to describe 
shock waves. In general, a pure material can be solid, fluid and gas.  
Subjecting a structure to impact loading (impulse-type forcing) leads to the propagation of waves in the structure 
as an effect of forces associated with volume deformation. The main wave forms in solids are [11]: 
 
x Longitudinal waves (Fig.1a): the characteristic particle motion is of compressional or stretching character. 
The wave propagation direction is parallel to the particle motion. 
x Shear waves (Fig.1b): are characterized by transverse particle movements to the propagating wave 
direction. After longitudinal waves, they are the second fastest waves propagating in a structure. 
Alternative forms of shear waves are bending waves, which occur in structures of finite bending stiffness.  
x Rayleigh waves (Fig.1c) are waves have a characteristic elliptic movement of particles, the propagation 
direction is parallel to the particle motion.  
 
  
 
a) b) c) 
Fig. 1 Different wave types a) Longitudinal waves, b) Shear waves, c) Rayleigh waves 
In structures of complicated form a complicated combination of all basic wave forms can be observed.. 
Characteristic properties of all shock waves are extremely short rise times as well as high pressure, density and 
temperature amplitudes.  
Only if the load application is fast enough, the wave fronts of the faster packages keep up with the earlier 
wave fronts. The result is a steepened wave front and shorter rise times to higher pressures. Often, the wave 
components from the elastic regime are fast enough that a so called elastic precursor is formed. It is, however, 
also possible that even the elastic precursor is overtaken by very fast plastic waves. Whether or not this happens 
is only a matter of the load application speed and the achieved maximum pressure level. 
For most materials the equation of state can be approximated as a linear relationship between the shock 
velocity and the particle velocity: 
ps Scu v0    (2) 
where S  is experimentally determined parameter and 0c  is the sound velocity in the material at zero pressure. 
This is the case even up to shock velocities around twice the initial sound speed 0c  and shock pressures of order 
100 GPa.  
Recently the most succeful method for modeling the dynamic response of a structure is FEM [12, 13]. The 
solution in the form of time integtation can be, depending on the problem, accomplishet via implicit or explicit 
methods [14, 15]. Although imlicite methods are unconditionaly stable (they are not dependent on the time step 
size), for wave propagation problems expplicit methods have shown more suitable, cause they do not require 
stiffness, mass and damping matrix decomposition. The system of equations has the form  
  ext(t)(t)(t)(t) FKuuCuM                                 (3) 
The solution of this system is carried out for each time step via the explicit central difference method. Here, the 
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acceleration in time t has the form 
  ])]( int(t)ext(t)1(t)(t)ext(t)1(t) F[FMKuuC[FMu                                  (4) 
where exttF  is the vector of external forces and 
int
tF  is the vector of internal forces given as 
  conthgnTt FFd ¹¸·©¨§ : ¦ ³: VBFint                              (5) 
Velocities and accelerations have the form 
t)-(tt)(t(t)2 '' ' u-uut                               (6) 
t)(t(t)t)-(t(t)
2 2 ''  ' uuuut                               (7) 
The starting procedure has the form 
(0)
2
(0)(0)t)-(t 2
uuuu  tt '' '                               (8) 
By applying zero initial conditions to the displacements and velocities, the starting procedure has the form 
ext
(0)
-1FMu  't)-(t                               (9) 
The stability of the central difference method depends on the length of the time step, which has to be divided into 
the shortest natural domains in the finite element mesh. The critical time step is computed by following relation [16, 
17, 18]. 
max
2
Z '
critict                               (10) 
where ωmax is the maximum natural circular frequency. The calculation is based on Courant-Friedrichs - Lewy 
condition (CFL condition) for solving partial differential equations numerically by the method of finite differences 
l
c2ω wmax                                (11) 
where c is the wave speed in the material and l is the characteristic length. By substitution (11) into (10) we obtain 
relation for critical time step 
wc
lΔt                                (12) 
where Δt is time required for wave propagation in a rod with length l.  
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3. Computational results 
In following example  the composite material with modulus of elasticity and density equal to 210 GPa and 7830 
kg m-3, respectively, is reinforced by straight fibres regularly distributed parallel to the upper surface (see Fig. 2). 
The modulus of elasticity of fibres is 100 times larger than that of the matrix. The loading of the material is 
perpendicular to the surface and it is increasing from zero to 0.0315 GPa in 0.05 μs and decreasing back to zero in 
same time.  In order to describe the stress behaviour of a FRM, the material is modelled as a Representative Volume 
Element (RVE). This element describes the homogenous behaviour of the two phases, matrix and fiber, inside the 
RVE. Simulations are carried out with fibers with different diameters and volume fraction of fibers. We assume 
perfect adhesion between the fibers and matrix. It is a 2D problem (plain stress, t =1) and computational simulations 
were performed in FE software ABAQUS. The geometric parameters of the RVE are given in fig. 2. The regular FE 
mesh of the model consist CPS4R, 4-noded, bilinear plane stress quadrilateral element with linear base functions 
with hourglass control. Most number of elements (27 348) and nodes (27856) has variant 3. The problem was solved 
in 2000 cycles with time step 2.5 x 10-10 s in the model. 
Boundary conditions, FE mesh are described in fig 2a and in fig. 2b is described the mesh of 14 fibers.  Dimensions 
are the same as for RVE with 6 fibers. The pressure load is applied on the upper side of RVE. The bottom side of 
RVE is fixed in the Y-direction and axis symmetry was applied on the both vertical sides. Calculations were made 
for following 4 variants: 
 
 Variant 0 -  model without fibers. 
 Variant 1 -   model with fiber radius rf = 1 mm and volume fraction of fiber vf = 35%. 
 Variant 2 - model with rf = 0.5 mm and vf  = 17,5%.  
 Variant 3 - model with rf = 0.5mm and vf = 35%. 
 
Tab. 1: Coordinates of investigated points 
Point: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
X[mm] 0 0 0 0 0 1.5 1.5 1.5 1.5 1.5 3 3 3 3 3 
Y[mm] 6 3 0 -3 -6 6 3 0 -3 -6 6 3 0 -3 -6 
 
 
a)  Boundary conditions and FEM mesh 
 
 
b)  Mesh of 14 fibers 
Fig. 2 Problem definition and boundary conditions 
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(a)  valuated points (b) Point 1, t = 2.3275 E-07 s 
 
 
  
(c)  Point 2, t =8.4774 E-07 s (d) Point 3, t = 1.1477 E-06 s 
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(e)  Point 4, t = 2.6301 E-06 s (f)  Point 5, t = 2.81165 E-06 
Fig. 3 Von Mises stress in investigate points 1 to 5 for  variant 1 
  
Variant 2, t = 3.0227 E-06 Variant 3, t =3.005 E-06 
Fig. 4 Von Mises stress in point 5 
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Fig. 5 Time course of the von Mises  stress for variant 0 
 
 
Fig. 6 Time course of the von Mises  stress for variant 1 
 
 
Fig. 7 Time course of the von Mises  stress for variant 2 
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Fig. 8 Time course of the von Mises  stress for variant 3 
 
In fig. 3a are described coordinates of investigated points for given variants and in tab. 1 are their numerical values.   
At beginning the wave propagates parallel to the surface without any interaction (Fig.3b). After reaching first fibres 
the wave reflects from the fibre and interact with reflected part, however, the front of the wave is still expressive 
(Fig.3c). After the front of wave continues to propagate to lower part under the surface, the maximum in 
corresponding point is not as high as in many other points closer to the surface. Fig. 3e and fig.3f corresponds to the 
moment when the effective stress is maximal in point 5, but the stresses in points closer to the upper surface are 
larger because of complicated interactions of the waves. Fig. 4a and fig. 4b shows the same situation for variant 2 
and variant 3.  Fig.5 to fig.6 shows time course of the von Misses stresses after the shock achieving the surface of 
the material all in points 1 to 5. The red colour corresponds to the point 1 close to the surface and other colours to 
the other points below the first one. From the figures we can find the movement of the front as well the maximum of 
the stress in time. In fig.7 and fig.8 are described time courses of the von Mises stress for variant 2 and variant 3.  
If we define damping ratio as von Mises stress drop in 3 planes vertical to the upper surface defined by investigated 
points 1-5, 6-10 and 11-15 as 
   
 in
ininratioDamping
vο
4vοvο
σ
σσ  , i = 5, 10, 15, (10) 
then damping ratios of stress waves for going through indicated planes are given in tab. 2. As expected, the largest 
value of damping ratio is for variant 3 in plane 11-15 and is 0.8591. This means that the drop of maximum von 
Mises stress is almost 86 percentage 
Tab: 2 Damping ratios of stress waves 
Plane Variant 0 Variant 1 Variant 2 Variant3 
1 - 5 0.6607 0.7938 0.7367 0.7535 
6-10 0.6126 0.7969 0.7037 0.8049 
11-15 0.6282 0.8519 0.6359 0.8591 
  
We note that computational models do not contain any other damping except of the interaction of the shock wave 
with fibres (each material contains some imperfections in the structure and in material properties and so, there is 
some material damping also in homogeneous material) and shows as the reinforcing fibres because of very different 
material properties of both material components result in very efficient damping of shock waves and thus such 
composite can be very efficient in defence against explosion. 
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The shock wave in homogeneous material is not influenced by propagation through material and only when it is 
reflected on the boundaries there is an interaction with propagated wave [19, 20]. On the other side there is very 
complicated interaction of the wave by reflection, and refraction on the interface between softer matrix and stiffer 
fibres leading to strong damping of the shock wave.  
4. Conclusion 
The problem of shock wave propagation was studied in this work. Computational simulations were performed in FE 
software ABAQUS. The FEM simulation was based on the RVE model. Simulations are carried out with fibers with 
different diameters and volume fraction of fiber.  The proposed procedure allow very effectively without expensive 
experiments to study the behaviour of composite materials from all points of view, the material structure topology, 
material properties of components, percentage of reinforcement, etc. That the longest calculation time was for 
variant 3 and used CPU time was only 1:47:17 on Pentium desktop computer with Intel core i5 with 2,6 GHz 
frequency and 8 GB RAM.  
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